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Abstract: The main purpose of this paper is to study the existence of a fixed points 
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§1. Introduction 


A Pseudo-Euclidean space is a particular Smarandache space defined on a Euclidean space 
R”such that a straight line passing through a point p may turn an angle 6, > 0. If @, > 0, 
then p is called a non-Euclidean point. Otherwise, a Euclidean point. In this paper, normed 
spaces are considered to be Euclidean, i.e., every point is Euclidean.In [7], S. Gahler introduced 
n-norms on a linear space. A detailed theory of n-normed linear space can be found in [8,10,12- 
13]. In [8], H. Gunawan and M. Mashadi gave a simple way to derive an (n—1)- norm from the 
n-norm in such a way that the convergence and completeness in the n-norm is related to those 
in the derived (n — 1)-norm. A detailed theory of fuzzy normed linear space can be found in 
(1,3,4,5,6,9,11]. In [14], A. Narayanan and S. Vijayabalaji have extend n-normed linear space 
to fuzzy n-normed linear space. In section 2, we quote some basic definitions, and we show 
that a fuzzy n-norm is closely related to an ascending system of n-seminorms. In section 3, we 
introduce a locally convex topology in a fuzzy n-normed space. In section 4, we consider finite 
dimensional fuzzy n-normed linear spaces. In section 5, we give some fixed point theorem in 
fuzzy n— normed spaces. 
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§2. Fuzzy n-norms and ascending families of n-seminorms 


Let n be a positive integer, and let X be a real vector space of dimension at least n. We recall 
the definitions of an n-seminorm and a fuzzy n-norm [14]. 


Definition 2.1 A function (#1, 2%2,...,2n) + ||a1,...,2n]|| from X” to [0,co) is called an 


n-seminorm on X if it has the following four properties: 


(S1) ||a1,22,-..,Xn|| = 0 if a1, 22,...,Un are linearly dependent; 
(S2) ||a1,22,-..,Xn|| ts invariant under any permutation of 11, %2,...,Un; 
(S3) |la1,...,;@n—1, C&n|| = |elllai,,---,@n—1, 2n|| for any real c; 
(S4) |lai,---,2n—-1,y + Z| < |l@i,---, @n—1, yl] + lar, ---, @n—1, 2||- 
An n-seminorm is called a n-norm if ||a1,22,...,2n|| > O whenever x1, 22,...,Un are 


linearly independent. 


Definition 2.1 A fuzzy subset N of X” x R is called a fuzzy n-norm on X if and only if : 
(F1) For allt <0, N(a1,22,...,2n,t) = 0; 

(F2) For allt > 0, N(a1,2%2,...,2n,t) =1 if and only if x1, 22,...,2n are linearly dependent; 
(F3) N(a1,%2,...,Xn,t) ts invariant under any permutation of 11, %2,...,Un; 


(F4) For allt >0 andceE R, c £0, 


N(a1,¥2,-.-,C&n,t) = N(a1, @2,.-.,%n,— 


(F5) For all s,t ER, 
N(a1,---;%n-1,y + 2,8 +t) > min{N(a1,...,¢n-1,y,8), N(@1,.--,2n-12,t)}. 


(F6) N(a1,%2,...,;%n,t) is a non-decreasing function of t € R and 


lim N(a1,%2,...,%n,t) =1. 


t—-00 


The following two theorems clarify the relationship between Definitions 2,1 and 2.2. 


Theorem 2.1 Let N be a fuzzy n-norm on X. As in [14] define for x1, 22,...,2n € X and 
oe (0/1) 
v1, %2,..-,2nllo := inf {t: N(w1,22,...,¢n,t) > a}. (1) 


Then the following statements hold. 


(A1) For every a € (0,1), |le,e,...,¢l|q is an n-seminorm on X; 
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(A2) If0<a<B<1 and a,...,%, € X then 
lea; 22, aay Delle < \|z1, TQ,-+-- Meals 
(A8) If 1, 22,...,%n € X are linearly independent then 
lim v1, 22,.--,2nlla =O. 
Proof (A1) and (A2) are shown in [14, Theorem 3.4]. Let 71, 2%2,...,@%n € X be linearly 


independent, and t > 0 be given. We set 6 := N(a1,%2,...,%n,t). It follows from (F2) that 
@ € [0,1). Then (F6) shows that, for a € (6,1), 


v1, %2,---,Unla St. 


This proves (A3). 


We now prove a converse of Theorem 2.1. 


Theorem 2.2 Suppose we are given a family |le,e,...,¢||a, a € (0,1), of n-seminorms on X 
with properties (A2) and (A8). We define 


N(a1,%2,..-,%n,t) = inf{a € (0,1) : ||v1, 22,..., ¢n|la = th. (2) 
where the infimum of the empty set is understood as 1. Then N is a fuzzy n-norm on X. 


Proof (F1) holds because the values of an n-seminorm are nonnegative. 


(F2): Lett > 0. Ifai,...,2@n are linearly dependent then N(a1,...,2n,t) = 1 follows from 
property (S1) of an n-seminorm. If x#1,..., 2p are linearly independent then N(21,...,@n,t) <1 
follows from (A3). 

(F3) is a consequence of property (S2) of an n-seminorm. 

(F'4) is a consequence of property (S3) of an n-seminorm. 

(F5): Let a € (0,1) satisfy 


a<min{N(a1,...,¢n—1,y,8),N(a1,..-,%n-1, Z,8)}. (3) 
It follows that ||a1,...,@n—1, ylla < $ and ||71,...,%n-1, 2Z|la < t. Then (S4) gives 
lv1,---52n—-1,¥+2lla <st+t. 


Using (A2) we find N(a1,...,%n-1, y+2,5+t) > a and, since a is arbitrary in (3), (F5) follows. 
(F6): Definition 2.2 shows that N is non-decreasing in t. Moreover, limyo N(a1,...,;%n,t) = 


1 because seminorms have finite values. 


It is easy to see that Theorems 2.1 and 2.2 establish a one-to-one correspondence between 
fuzzy n-norms with the additional property that the function t ++ N(a1,...,%n,t) is left- 
continuous for all 21, 22,...,2%, and families of n-seminorms with properties (A2), (A3) and 


the additional property that a> ||r1,...,2@n||a is left-continuous for all 21, 22,..., an. 
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Example 2.3((14,Example 3.3] Let |le,e,...,¢|| be an-norm on X. Define N(x, 22,...,2n,t) 
= 0 if t <0 and, for t > 0, 


N( 1) : 
U1, 42,.-.,Ln,t) = ————____ 
ers : t+ ||21,%8;-+-5 2p 
Then the seminorms (2.1) are given by 
a 
lea 2, talle = Polley asta 


§3. The locally convex topology generated by a fuzzy n-norm 


In this section (X,N) is a fuzzy n-normed space, that is, X is real vector space and N is 
fuzzy n-norm on X. We form the family of n-seminorms ||e,e,...,¢||4, @ € (0,1), according to 
Theorem 2.1. This family generates a family F of seminorms 


|71,---;%n—1,¢l]a, Where x1,...,%p—1 € X anda é (0,1). 


The family F generates a locally convex topology on X; see [15, Def. (37.9)], that is, a basis of 
neighborhoods at the origin is given by 


{xe X : p(x) < e fori =1,2,...,n}, 


where p; € F and e; > 0 fori =1,2...,n. We call this the locally convex topology generated 
by the fuzzy n-norm N. 


Theorem 3.1 The locally convex topology generated by a fuzzy n-norm is Hausdorff. 


Proof Given x € X, x #0, choose 21,...,%n—1 € X such that 71,...,%p_1, x are linearly 
independent. By Theorem 2.1(A3) we find a € (0,1) such that |Jai,...,¢n-1,2||. > 0. The 
desired statement follows; see [15, Theorem 37.21]. 


Some topological notions can be expressed directly in terms of the fuzzy-norm N. For 
instance, we have the following result on convergence of sequences. We remark that the defi- 
nition of convergence of sequences in a fuzzy n-normed space as given in [20, Definition 2.2] is 


meaningless. 


Theorem 3.2 Let {xx} be a sequence in X anda € X. Then {x,} converges to x in the locally 
convex topology generated by N if and only if 
lim N(aq,...,@n—-1,%% — @,t) =1 (4) 


k—oo 


for all ay,...,@n-1 € X and allt > 0. 


Proof Suppose that {x;,} converges to x in (X,N). Then, for every a € (0,1) and all 
a1, 42,...,Qn—1 € X, there is K such that, for all k > K, |la1,a2,...,@n—1, 2% — 2lla < €. The 
latter implies 


N (a1, @2,.--,;@n—-1, 0k — @,€) >a. 
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Since a € (0,1) and € > 0 are arbitrary we see that (4) holds. The converse is shown in a 


similar way. 


In a similar way we obtain the following theorem. 


Theorem 3.3 Let {x,} be a sequence in X. Then {xy} is a Cauchy sequence in the locally 
convex topology generated by N if and only if 


lim N(a1,..-,@n—-1,2k —&@m,t) =1 (5) 


k,m—oo 


for all ay,...,@n—1 € X and allt > 0. 


It should be noted that the locally convex topology generated by a fuzzy n-norm is not 
metrizable, in general. Therefore, in many cases it will be necessary to consider nets {z;} in 


place of sequences. Of course, Theorems 3.2 and 3.3 generalize in an obvious way to nets. 


§4. Fuzzy n-norms on finite dimensional spaces 


In this section (X, N) is a fuzzy n-normed space and X has finite dimension at least n. Since 
the locally convex topology generated by N is Hausdorff by Theorem 3.1 Tihonov’s theorem 
[15, Theorem 23.1] implies that this locally convex topology is the only one on X. Therefore, 
all fuzzy n-norms on X are equivalent in the sense that they generate the same locally convex 
topology. 

In the rest of this section we will give a direct proof of this fact (without using Tihonov’s 
theorem). We will set X = R¢ with d > n. 


Lemma 4.1 Every n-seminorm on X = R® is continuous as a function on X" with the 


euclidian topology. 


Proof For every j = 1,2,...,n, let {x;,,}7., be a sequence in X converging to x; € X. 
Therefore, jim \|v;,% — £;|| = 0, where ||z|| denotes the euclidian norm of x. From property 
—> CO 


(S4) of an n-seminorm we get 
|||U1 4, V2.4; Ses Zn, kll a lar, L2,k) ees 8 2n,kll | < |v1,% — 1, Z2,k) erate ,2n,kll- 


Expressing every vector in the standard basis of R@ we see that there is a constant M such that 


ly, Y25--+5 Ynll <M lyill.--llynll for all y; € X. 
Therefore, 
lim ||@1,4—%1, Va,4,---, Ln,n|| =O 
k—o0o 
and so 
lim |||t1,.4, %2,4,--+5 Un,kll — [|21, 2,K,---, Ln,wl|| = 0. 
k—oo 


We continue this procedure until we reach 


lim ||1,4, %2,4,---; nel] = ||v1, V2,---, Lnll- 
k-00 
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Lemma 4.2 Let (R%, N) be a fuzzy n-normed space. Then ||x1,22,..-,%n||,, is an n-norm if 
a € (0,1) is sufficiently close to 1. 


Proof We consider the compact set 
S= { (x1, £Q,+-+, In) ER: 21, x2,..., Lp is an orthonormal system in R*} : 
For each a € (0,1) consider the set 
Sa = {(€1, @2,...,2n) € S': ||a1, 02,...,2n||,, > OF. 


By Lemma 4.1, Sq is an open subset of S$. We now show that 


S = U Ses (6) 
a€(0,1) 
If (a1, 2,..-, Un) € S then (a1, x2,..., Ln) is linearly independent and therefore there is 
B such that N(1,%2,...,%n,1) < 6 <1. This implies that ||z1, x2,..., Ln||g = 1 so (6) is 
proved. By compactness of S, we find a1, @2, ..., Q@m such that 
m 
SSW Sin 
w=1 
Let a= max{a1, a2, ..., Gm}. Then ||z1, v2,..., tpl, > 0 for every (a1, @2,..., In) € S. 
Let 21, %2,..., 2, € X be linearly independent. Construct an orthonormal system 
€1, €2,---,; €n from 21, X2,..., Lp by the Gram-Schmidt method. Then there is c > 0 such 
that 
lPittiy arg Wall —elete Coeeny calle oO: 


This proves the lemma. 


Theorem 4.1 Let N be a fuzzy n-norm on R¢, and let {xz} be a sequence in R¢ and x € R¢. 


(a) {x,} converges to x with respect to N if and only if {xz} converges to x in the euclidian 
topology. 
(b) {ap} is a Cauchy sequence with respect to N if and only if {xp} is a Cauchy sequence 


in the euclidian metric. 


Proof (a) Suppose {x,} converges to x with respect to euclidian topology. Let a1, a2,...,@n—1 € 
X. By Lemma 4.1, for every a € (0,1), 


lim lai, a2,--+, An—-1; Ly || 4 = 0. 
k-00 


By definition of convergence in (IR¢, NV), we get that {2;,} converges to x in (R?, N). Conversely, 
suppose that {x;,} converges to x in (R?,N). By Lemma 4.2, there is a € (0,1) such that 
v1, Y2,---,Ynll, is an n-norm. By definition, {x,} converges to x in the n-normed space 
(R¢,||-||,,). It is known from[8, Proposition 3.1] that this implies that {2} converges to x with 
respect to euclidian topology. 


(b) is proved in a similar way. 
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Theorem 4.2 A finite dimensional fuzzy n-normed space (X,N) is complete. 


Proof This follows directly from Theorem 3.4. 


§5. Some fixed point theorem in fuzzy n— normed spaces 
In this section we prove some fixed point theorems. 


Definition 5.1 A sequence a {xz} in a fuzzy n-normed space (X,N) is said to be fuzzy n- 


convergent to «* € X and denoted by x, ~» x* ask — co if 


lim N(a1,-++ ,&n—1,%, — 2", t) =1 
k—0o 
for every 1,++* ,&%—1 € X and x* is called the fuzzy n-limit of {xp}. 


Remark 5.1 It is noted that if (X,N) is a fuzzy n-normed space then the fuzzy n-limit of a 


fuzzy n-convergent sequence is unique. Indeed, if {x} is a fuzzy n-convergent sequence and 


suppose it converges to «* and y* in X. Then by definition jim N(a1,°°+ ,@n-1, 0% —2*,t) = 1 
— 00 
and Jim N(a1,°++ ,%n—-1, Uk — y*,t) = 1 for every 7,---,%,-1 € X and for every t > 0. By 
00 


(N5), we have 
N(a1,-°- tye yt) = N(z,-°- Mase — a, +0, —y",t/2+t/2) 
2 min{N(21,- ae inaise. = ip,t/2),N (aay* 78 5 &n—1, 0k — y",t/2)}. 


* 


By letting k > co, we obtain N(a#1,--- ,@n—1,2* — y*,t) = 1, which implies that 2* = y*. 


Definition 5.2 A sequence {xx} in a fuzzy n-normed space (X, N) is said to be fuzzy n-Cauchy 


sequence if 


lim N(a1,..-,%n—1,2k —@m,t) =1 
k,m— oo 
for every %1,°++,%,-1 © X and for every t > 0. 


Proposition 5.1 In a fuzzy n-normed space (X,N), every fuzzy n-convergent sequence is a 
fuzzy n-Cauchy sequence. 


Proof Let {x,} be a fuzzy n-convergent sequence in X converging to v* € X. Then 
lim N(a1,-++ ,&@p—1,@,_ — 2*,t) = 1 for every 21,--- , 2,1 € X and for every t > 0. By (N5), 


k—00 
N(@1,°++ 5 2n-1,Lk — Lm, t) 
= N(a1,-++ ,Un—1, 2p — @* +2* — ap, t/2+t/2) 
> min{N(a1,--+ ,&n—1, tp — @*,t/2), N(a1,-++ ,&n—-1, 2" — Um, t/2)}. 


By letting n,m — oo, we get, 


lim N(a1,-++ ,&n—1,%- —&m,t) =1 


k,m—oo 


for every %1,°-+ ,&%p—1 € X and for every t > 0, i.e., {x} is a fuzzy n-Cauchy sequence. 
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If every fuzzy n-Cauchy sequence in X converges to an 2* € X, then (X,N) is called 
a complete fuzzy n-normed space. A complete fuzzy n-normed space is then called a fuzzy 
n-Banach space. 


Theorem 5.1 Let (X,N) be a fuzzy n-normed space. Let f : X — X be a map satisfies the 
condition: 


There exists a A € (0,1) such that for all x,x71,--+ ,&n—-1 © X and for allt > 0,one has 
N(21,-++ ,@n—1,%,t) >1—t = N(a1,-++ ,@n—1, f(x), At) > 1 At. (7) 
Then 
(i) For any real number € > 0 there exists ko(e) € N such that f*(x) ~ 0. 
(tt) f has at most a fixed point, that is the null vector of X. Moreover, if f is a linear mapping, 
f has exactly one fixed point. 
Proof (i) Note that if f satisfies the condition (1), then for every € € (0,1), there exists a 
ko = ko(e) such that, for all k > ko, and for every v,21,-++ ,Um—1 € X 
N(a1,-+* :@n-1, f*(z);€) > 1 —e 
holds. Indeed, one has easily that 
N(a@1,°++ ,%-1,%,1 +6) >1-(1+e). 
Then by condition (1), for all v,21,--- ,@-1€ X andk 31, 
N(21,°+* ;@n—1, f"(2), ° (1 +6) > 1-1 +6) 


holds. Indeed, for each € > 0 there exists a k = ko implies that X\"(1 + €) < e€, from which, 
because of condition (N6), there exists a ko € N such that for k > ko, 


N(a1,°°° Xn—1, f* (2), €) 


Since ¢ is an arbitrary, we have f*(x) ~~» @ as required. 
(ii) Assume that f(x) = x. By applying part (i), for all « € (0,1) one has 


N(@1,°++ ,@n-1,2,€) >1—€ 
for every %1,°+: ,%,—1 € X. This implies that 


N(a1,--- Cacigt 0+) =1 


for every %1,°++ ,@p_-1 € X, ie, c= 9. 
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Lemma 5.1 Let {x,} be a sequence in a fuzzy n-normed space (X,M). If for every t > 0, 
there exists a constant  € (0,1) such that 


N(a1,...,%n-1,0k — £41, ¢) > N(a1,...,€n—1, Ge—-1 — EK, t/A) (8) 
for all x1,-++ ,&n-1 © X, then {xx} is a fuzzy n-Cauchy sequence in X. 


Proof Let t > 0 and X € (0,1). Then for m > k, by using (N5) and the inequality (1), we 
have 


N(a1, see > Un—1, Uk — Lm, t) 
2 MINN Pisa aig Wem Beha, (LS AM); 
N(a1,.--,;%n—1,€k+1 — Lm, At)} 
1—A)t 
2 mim Gis iwte- to C1; VN ), 
INA On an Mie Cet Ne) 
Also, 
IVD) We lies hy eel ee AE) 
2 min{N(21,...,@n—1,lk+1 — Fe+2,(1—A)At), 
N(a1,.--;Un—1,;£k42 — Lm, *t)} 
1—A)t 
2 TON (ar sate 1, to eis dM ), 
N(a1,.+.,2n—1, 2k42 — Bm, A*t)} 
By repeating these argument, we get 
N(a1, + e+ Un—-1, Uk — Lm, t) 
1— jt 
Zo mM NN DiperyPeeG Ay cea 
N(a1, veeyUn—-1,Um—-1 — Um, aes 
1— jt 
2 min{N(2,...,%n—1,20— 41, BU ), 


t 
N(a1, -++y>Un—-1,%0 — V1, jes 


Since (1 — A) < > and the property (F6), we conclude that 


1—A)t 
N(a1,..-;Un—1,0k — &m,t) > N(a1,...,%n-1,%0 — ©1, GaN) 
Therefore, by letting m > k — oo, we get 


lim N(a1,-++ ,&n—1,%b —@m,t) =1 


k,m—oo 
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for every %1,°-+ ,&%p—1 € X and for every t > 0, i.e., {x} is a fuzzy n-Cauchy sequence. 


Definition 5.3. A pair of maps (f,g) is called weakly compatible pair if they commute at 


coincidence point, t.e., fx = gx implies fgx = gfx. 


Theorem 5.2 Let (X,M) be a fuzzy n-normed space and let f,g: X + X satisfy the following 


conditions: 
(i) F(X) € go(X); 
(tt) any one f(X) or g(X) is complete; 


(iti) NS Soke ,tn—1; f(2)—f(y), 2) 2 N(x, Sete »tn—1,9(x)—gly), t/A), for allx,y,%1, met In-1 © 
X,t>0,r€ (0,1). 


Then f and g have a unique common fixed point provided f and g are weakly compatible 
on X. 


Proof Let 29 € X. By condition (i), we can find x; € X such that f(ao) = g(a) = 1. 
By induction, we can define a sequence y, in X such that 


Yeti = f (re) = g(@r41), 


n = 0,1,2,---. We consider two cases: 
Case I: If y, = yr+i for some r € N, then 


Yr = f(@r—-1) = f(r) = G(@r) = G(r41) = Yrti = 2 


for some z € X. Since f(x,) = g(x,) and f,g are weakly compatible, we have f(z) = fg(r,-) = 


gf (ar) = g(z). By condition (iii), for all x1,--- ,a,-1 € X and for all t > 0, we have 
N (@is*** ptpsis F(Z) 238) = IN Lick gt asf 2 — Fe) ) 
2 N(a1,-°: ,€n—1,9(2) — g(r), t/A) 
> +++ > N(a1,-++ ,@n-1,.9(2) — g(ar), t/*). 


Clearly, the righthand side of the inequality approaches 1 as k — co for every 71,...,®@,-1 € X 
and t > 0. Hence, N(a1,--: ,%n—1, f(z) — z,t) = 1. This implies that f(z) = z = g(z), ie., z 
is a common fixed point of f and g. 

Case II yx 4 yr+i, for each k = 0,1,2,---. Then, by condition (ii) again, we have 


N(1,°+* »En—1, Ye — Yetist) = N(x1,-++ ,2n—-1,9(@k) — 9(ee41), t) 
= N(21,--- ,%n-1, f(ee-1) — (ex), t) 
> N(2x1,-++ ,%n—1,9(Le-1) — 9(tK), t/A) 
= N(21,-++ ,€n—1, Ye—1 — Yrs t) 
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Then, by Lemma 5.1, {y,} is a Cauchy sequence (with respect to fuzzy n-norm) in X. Since 
g(X) is complete, there exists w € g(X) such that 


jim Yk = im _g(ve) =w. 


—> CO 


Also, since w € g(X), we can find a p € X such that g(p) = w. Note that 
w = g(p) = lim g(a.) = jim f(ax). 
Thus, by (iii), we have 


N(@1,°°+ ,@n-1,f(P) — g(p),t) = lim N(a1,--+ ,tn—-1, f(p) — F(a), 4) 
2 im N(a1,-++ | en—-1,9(P) — 9(ex),t/) 
= N(#1,-++ ,2n-1,9(p) — w,t/A) 
= N(a,--+,¢n-1,w—w,t/d), 
which implies that w = f(p) = g(p) is a common fixed point of f and g. Furthermore, f and g 
are weakly compatible maps, we have 


f(w) = fo(w) = gf (w) = g(v). 


But than, by (iii), 


N(a1,+++ ,2n-1,f(w)—w,t) = N(a1,-++ ,2n-1, fw) — f(p),t) 
N(a1,°++ ,&n—1,9(w) — g(p),t/A) 

= N(x1,--- ,n-1,f(w) — f(p),t/A) 

++ > N(a1,+++ ,2n—1, 9(w) — g(p),t/d*). 


IV 


IV 


Clearly, the expression on the righthand side approaches 1 as k — co for every 71,...,%n,-1 € X 
and t > 0, which implies that f(w) = w. Therefore, w is a common fixed point of f and g. The 


uniqueness of fixed point is immediate from condition (iii). 
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